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(i) 


P R E F A C E. 


F the twelve Analytical Treatiſes recited by Pappus in 

his Preface to the 7th Book of his Mathematical Col- 
lections, we have very little of the Originals remaining, viz. 
only Euclid's Data, and part of Apollonius's Conics. The 


loſs of the reſt is very much to be lamented by all Lovers of 


the Mathematics. Valde quidem dolendum eſt quod re- 
« liqui tractatus Veterum Analytici, a Pappo memorati, 
« aut perierint, aut nondum lucem conſpexerint. Nam 
c minime dubito quin eorum nonnulli, Arabice faltem 
ce verſi, alicubi terrarum lateant, pulvere magis quam tene- 
cc bris ſuis involuti. Dr. HALLIEV'Ss PRE FACE to his ArolL- 
LONIUS'DE SECTIONE RATIONIS ET SpATII. 


Sou ingenious men have attempted, from the account of 
them given by Pappus, to reſtore ſome of theſe loſt Trea- 
tiſes. Snellius has endeavoured to give us the Books Dx 
SECTIONE RaTIONIs, Dx SECT1ONE SP ATII, and DR Skc- 
IONMR DzTERMINATA. Fermat and Schooten have laboured 


in the Treatiſe Dx Locis PLAN Is; and Marinus Ghetaldus 


in that DR IN LIN ATIONIB us. But thoſe who have ſuc- 


ceeded beſt, and done the moſt this way, are two incom- 
A 2 parable 


Pe _ 
"gt IE Yo rn itt 


A+) 
parable Mathematicians of our own Country, Dr. Halley 
and Dr. Simſon, to whom the World is very much obliged 


for their Geometrical Labours. The firſt of theſe, from an 


Arabic MS in the Bodleian Library, has reſtored the Books 
DE SSC TIONE RATIONIS ; ; and from his own Sagacity ſup- 


plied thoſe Dx Sa ION SrATII: : and the other has with 


N pains and i ingenuity completed thoſe Dx Locts PLANS. 


0 to "In Treatiſe Ds ans, which I now give 


3 Engliſh Reader, it has been reſtored by Vieta under the 


Title of Apollonius Gallus, and his Deficiencies ſupplied by 


Marinus Ghetaldus, I have endeavoured to do Juſtice to my 
Authors by : all poſſible Care both in the Text and i in the 


* 
4 


Figures; and have added a few Propoſitions of my own, by 
Way of Supplement, in which I have propoſed Ghetaldus $ 
Problems over again without a Determination, and have 
found the Locus of the center of the circle required, which 


+I have not ſeen done before i in any Author. 
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EXTRACT 5 PAPPUS's Preface to his Seventh Book 
in Dr. HALLEY' s Tranſlation. 


DE TACTIONIBUS IT. 
IS ordine ſubnexi fant libri duo DE Tacrioxinus, in 
| 1 


quibus plures ineſſe propoſitiones videntur ; fed & ex 
his unam etiam faciemus, ad hunc modum ſe habentem. “ E 
ec punctis rectis & circulis, quibuſcunque tribus poſitione 
ce datis, circulum ducere per ſingula data puncta, qui, ſi fieri 
6 poſſit, contingat etiam datas lineas. Ex hac autem ob mul- 
titudinem in Hypothefibus datorum, tam ſimilium quam diſſi- 
milium GENERUM, fiunt neceſſario decem propoſitiones di- 
verſæ; quia ex tribus diſſimilibus generibus fiunt diverſe 
triades inordinatæ numero decem. Data etenim eſſe poſſunt 
vel tria puncta; vel tres rectæ; vel duo puncta & recta; vel 
duæ rectæ & punctum; vel duo puncta & circulus; vel duo 


circuli & punctum; vel duo circuli & recta; vel punctum, 
recta & circulus; vel duæ rectæ & circulus; vel tres circuli. 
Horum duo quidem prima problemata oſtenduntur in libro 
quarto primorum Elementorum. Nam per tria data puncta, 


quæ non ſint in linca recta, circulum ducere, idem eſt ac 
circa datum triangulum circumſcribere. Problema autem in 


tribus datis rectis non parallelis, ſed inter ſe occurrentibus, 
idem eſt ac dato triangulo circulum inſcribere. Caſus vero 
duarum rectarum parallclarum e cum tertia occurrente, quaſi 


pars 


(vi) 


pars eſſet ſecundæ ſubdiviſionis, ceteris permittitur, Deinde 


proxima ſex problemata continentur in primo libro, Reliqua 
duo, nempe de duabus rectis datis & circulo, & de tribus 
datis circulis, ſola habentur in ſecundo libro; ob multas di- 
verſaſque poſitiones circulorum & rectarum inter ſe, quibus 
fit ut etiam plurium determinationum opus fat, Prædictis his 
Tactionibus congener eſt ordo problematum, quæ ab edito- 
ribus omiſſa fuerant. Nonnulli autem priori horum librorum 


lla prefixerunt: Compendioſus enim & introductorius erat 


tractatus ille, & ad plenam de Tactionibus doctrinam abſol- 
vendam maxime idoneus. Hæc omnia rurſus una propoſitio 
complectitur, quæ quidem quoad Hypotheſim magis quam 
præcedentia contracta eſt, ſuperaddita autem eſt conditio ad 


conſtructionem: eſtque hujuſmodi. E punctis, rectis, vel 
e circulis, datis duobus quibuſcunque, deſcribere circulum 


© magnitudine datum, qui tranſeat per punctum vel puncta 
& data, ac, ſi fieri poſſit, contingat etiam lineas datas. Con- 
tinet autem hæc propoſitio ſex problemata: ex tribus enim 
quibuſcunque diverſis generibus fiunt Duades inordinatæ di- 
verſæ numero ſex. Vel enim datis duobus punctis, vel duabus 
rectis, vel duobus circulis, vel puncto & recta, vel puncto & 


circulo, vel rectà & circulo, opportet circulum magnitudine 


datum deſcribere, qui DATA COoNTINGAT ; hæc autem re- 


folvenda ſunt & componenda ut & en een juxta Caſus. 
Liber primus TacTIONUM problemata habet ſeptem; ſe- 


cundus vero quatuor. Lemmata autem ad utrumque librum 
50 unt XX I ; Theoremata LX. 
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PROBLEM I. 
\H ROUGH two given points A and B to deſcribe a circle whoſe radius 
ſhall be equal to a given line Z. 


LIMITATION. 2 2 muſt not be leſs than the diſtance of the points A and B. 
Cons Truc TION. With the centers A and B, and diſtance Z, deſcribe two 


arcs cutting or touching one another in the point E, (which they wilt neceſſarily 
do by the Limitation) and E will be the center of the circle required. 


P R OB LEM II. 
Hivine two right lines AB CD given in poſition, it is required to draw a 


circle, whole Radius ſhall be equal to the given line Z, which ſhall alſo touch 


both the given lines. 

Cas iſt. Suppoſe AB 80 co to be parallel. 

LIMITATION. 2Z. muſt be equal to the diſtance of the parallels, and the 
conſtruction is evident. 

Case 2d, Suppoſe AB and CD to be inclined to each other, let them be 
produced till they meet in E, and let the angle BED be biſected by EH, and 
through E draw EF. perpendicular to ED, ** equal to the given line Z; through 


F draw FG parallel to EH, meeting ED in G, and through G draw GH paral- 


lel to EF. I fay that the circle deſcribed. with H center, and HG radius, 


touches the two given lines: it touches CD, becauſe EFGH is a Parallelogram, 
1 and 
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and hence the angle FEG is equal to EGH, but EEG is e-right one by Con- 
ſtruction. Let now HI be drawn from H perpendicular to AB: then the two 


triangles EHI and EHG having two angles in one HEI and EIH reſpectively 
equal to two angles in the other HEG and EGH, and alſo the ſide EH com- 
mon, by Euc. I. 26. HI will be equal to HG, and therefore the circle will 
touch alſo the other line AB; and HG or HI equals the given line Z, becauſe 
EF was made vows to Z, and HG and EF are oppoſite ſides of a paral- 


lelogram. 


PR OB LE M III. 
Ha vivo two circles given whoſe centers are A and B, it is required to draw 


another, whoſe Radius ſhall be equal to a _ line Z, which ſhall alſo touch 


the two given ones. 
Tris. Problem has various Caſes, 88 to the 1 various poſition of the 


given circles, and the various manner of deſcribing the circle required: but there 
are ſix principal ones, and to the conditions of theſe all the reſt are ſubject. 


Cask 1ſt. Let the circle to be deſcribed be required to be touched outwardly 


by the given circles. 


LiMITATION. Then it is neceſſary that 2Z, or the given Diameter, ſhould. 
not be leſs than the ſegment of the line j Joining the centers of the given circles 


which is intercepted between their convex circumferences, viz. not leſs than CD 


in the Figure. belonging to Caſe 1ſt. WES 
Cas ad. Let the circle to be deſcribed be required to be touched inwardly by 


the given circles. 


LIMITATION. Then it's Diameter mult not be given lets than the right line, 
which drawn through the centers of the given circles, i is contained between their 


\_ concave circumferences; viz. not leſs, than CD. 
Casz 3d. Let the circle to be deſcribed be ated to be touched outwardly | 


by one of the given circles, and mwardly by the other. 


Limitation. Then it's Diameter mut not be given leſs than the Egment: 
of the right line, Joining the centers of the given, circles, which is intercepted 


between the convex circu mference of one and the concave circumference of the 
ether ; viz. not lefs than CD. . 


Casz 4th, Let one of the given circles include the other, FE) let it be re- : 
| quired that the circle to be deſcribed be touched cutwardly by them both. 


LIMITATIONH. Then it's Diameter mult not be given greater than the greater 
fegment of the right line, joining the centers of the given circles, which is in- 
tercepted between the concave circumference of one and the convex circumference 
of the other; nor leſs than the leſſer ſegment 3 3 VIZ, not greater than CD, nor 


es than MN. 
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Cas 5th, Let one of the given circles include the other, and let be required 
that the circle to be deſcribed be touched outwardly by one of the given circles, 
and inwardly by the other. 

Limitation. Then it's Diameter muſt not be given greater than the greater 
ſegment of the right line, joining the centers of the given circles, which is in- 
rercepted between the two concave Circumferences of the ſaid circles, nor leſs 
than the leſſer ſegment ; viz. not greater than CD, nor leſs than MN. 

Casz 6th. Let the two given circles cut each other, and let it be required 
that the circle to be deſcribed, and to be touched by them both, ſhall alſo 'be 
included in each of them. 

LiMiTATION. Then it's Diameter muſt not be given greater than the ſeg - 
ment of the right line, joining the centers of the given circles, intercepted by 
their concave circumferences, which lies in the ren common to both the given 
circles; viz, not greater than CD. 

THERE may be allo three other Caſes of this Problem, when the given cireles 
cut each other; but becauſe they are ſimilar to the 1ſt, 2d, and 4th Caſes already 
propoſed, and ſubject to juſt the ſame Limitations ; except that which is ſimilar 
to the 1ſt, which is ſubject to no Limitation at all, they are here omitted; as are 
likewiſe thoſe Caſes where the given circles touch each other; becaule they are 
the ſame as rho preceding, and ſolved in the ſame manner. 

TAE GENERAL SOLUTION. 

| Join the given centers A and B, and where the Caſe requires, let AB be pro- 

| duced to meet the given circumferences in C and D: and let CI and DH be 

taken equal to the giyen line Z: and let two circles be deſcribed ; one with cen- 
ter A and diſtance Al, and the other with center Band diſtance BH: and theſe 
two circles will neceſſarily cut or touch each other by the Limitations given. Let 
the point of concourſe be E : from E draw the right line EAF cutting the circle 
whoſe center is A in F; as alſo EBG cutting the circle whoſe center is Bin G: 
then with center E and diſtance EF deſcribe a circle FK, this will be the circle 
required : becauſe AF and AC are equal as alſo AI and AE ; therefore FE 
and CI are alſo equal: but CI was made equal to Z, therefore FE is equal to 
Z. Again, becauſe BD and BG are equal, as alſo BH and BE, therefore DH 
and EG are allo equal; but DH was made equal to Z, therefore EG is equal to 
Z. Hence it appears that the circle FK, paſſing through F will alſo paſs thro” 
G, and likewiſe that it will alſo touch the given circles in F and G, becauſe EAF 
and EB are right lines paſling through the centers. 


1 PROBLEM IV. | 
Haviite a given point A, and A given right line BC, it is required to draw a 
circle, whoſe Radius ſhall be equal to a given line Z, which ſhall paſs through 
the given point, and alſo touch the - na line. LIMI- 
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LiMiTATION. 2Z inſt not be given leſs than the perpendicular let 2 from 


% 


the given point A upon the given line BC. 
From the point A let AD be drawn perpendicular to BC, and in this perpen · 


dicular take DE equal to the given line Z: and through E draw EF parallel to 
BC, and from A upon this line EF ſet off AF equal to Z, which may be done, 
for by the Limitation Z is not leſs than AE: then with center F and diſtance 
FA deſcribe a circle, and I ſay it will touch the line BC: for through F drawing, 
FG parallel to AD, FGDE will be a Parallelogram, and] FG will be 5 N to 


DE, that is to Z, and at right angles to BC. N 
| I. E M 1 75 

Havixo a given point A, and alſo a given circle whoſe center is B, it is re- 
quired to draw a circle whoſe Radius ſhall be equal to a given line Z, which ſhall 
paſs through the given point, and alſo touch the given circle. | 

Tris Problem Tas three Caſes, each of which is ſubject to a Limitation. 

Cas 1ſt, Let the circle to be deſeribed be required to be touched outwardly 
by the given circle. | 

LimIiTaTION. Then the Diameter muſt not be given a8 than the ſegment 
of the right line, joining the given Point and the center of the given circle, 
which is intercepted between the Sven point and the convex circurnterence Viz, 
not leſs than AC, 

Casz 2d. Let the circle to be deſcribed be e to be teck mand 
by the given circle. a 

LIMITA TIN. Then the Diameter muſt not be given leſs than the right line 
which, drawn from the given point through the center of the given circle, is con- 
tained between the given point and the concave circumference 3 VIZ. nor leſs 
than AC. 


Casx 3d. Let the given point lie in the given cireld 
LrurTATTON. Then a diameter of the given circle being drawn through the 


given point, it is divided into two- ſegments by the ſaid point, and the Diameter 
of the circle required muſt not be given greater than the greater of them, nor 
leſs than the leſſer ; viz. not greater than AC, norlefs than AG. 

| THE GENERAL SOLUTION: 

Lr A 450 B 1 joined, and in the line AB take CF an do Z, and thes 
with center A and diſtance Z, let an arc be drawn, and with center B, and 
diſtance BF let another be drawn, which by the Limitations will neceffarily 
either touch or cut the former; let the point of their coneourſe be D; then with 
D center and DA diſtance let a circle be drawn, and I ſay it will touch the 
given circle whoſe center is B: for DB: being drawn meeting the circumference 
of the circle whoſe center is B in E, BC is equal to BE, Arn hence CF 0 
12 01 and they are both ä to the . line Z. 


0. 


4 


8 
PROBLEM VI. 

Brite a right line given BC, and alſo a circle whoſe center is A, it is re- 
quired to draw another circle, whoſe Radius ſhall be equal to a given right line 
Z, and which ſhall touch both the given line and alſo the given circle. 

Tus Problem has alſo three caſes, each of which is ſubje& to a Limitation. 

Cas 1ſt, Let the circle to be deſcribed be required to be touched outwardly 
by the given circle, 

LIuITATTON. Then the Diameter of the circle required muſt not be given 
leſs than the ſegment of a line, drawn from the center of the given circle, per- 
pendicular to the given line, which is intercepted between the faid line and the 


9 convex circumference ; viz. not leſs than BD. 
1 Cass 2d, Let the circle to be deſcribed be required to be touched inwardly by 
5 the given circle. 


L1iMIiTATION.. Then the given line muſt not be in the given circle, neither 
muſt the Diameter of the circle required be given leſs than that portion of the 
perpendicular, drawn from the center of the given circle to the given line, which 
is intercepted between the ſaid line and the concave circumierence z viz. not leſs 
than BD. 

Casz 30d; Let the circle to be deſcribed be required. to be both touched and 
included in the given circle. | 

LIAuITATTON. Then the given right line muſt be in the given circle, and 
when a Diameter of this given circle is drawn cutting the given line at right an- 
gles, the Diameter of the circle required muſt not be given greater than the- 
greater ER + viz. not greater than BD. | 


Titz GENERAL SOLUTION:.. 


FRO A draw AB perpendicular to BC, cutting the given circumferencean D; 
and in this perpendicular let BG and DF be taken each equal to the given line 
4; and through G draw G eee to BC; and with center A and diſtance 
2 AF let an arc be ſtruck, which by the Limitations will neceſſarily either touch 
3 or cut GE; let the point of concourſe be E, let AE be joined, and, if neceſſary, * 
be produced to-meet the given circumference in H ; then with E center and 
EA diſtance deſcribe a circle, and I fay it will be the required circle : it is evi-- 
1 dent it vill touch the given circle: and becauſe AD and AH are equal, as alſo 
1 AF and AE, therefore DF (which was made equal to Z) wilt be equal to HE : 
$ let now EC be drawn ner/enticular to BC, then GBCE will be a Parallelogram, 
and EC will be equal to GB, which was alſo made equal to Z: hence the 
circle will allo. touch the given line BC, becauſe the angle ECB is a right 
one, 0 1 | 
| PRO 


T9 


PROBLEM VI. 
Haix two points A and B given in poſition, and likewiſe a right line EF 


given in poſition, it is required to find the center of a cirele, which ſhall paſs 


through the given points and touch the given line. 


Casz 1ſt. When the points A and B are joined, ſuppoſe AB to be parallel. to 


EF : then biſecting AB in D, and through D drawing DC perpendicular to it, 
DC will alſo be perpendicular to EF: draw a circle therefore which will paſs 


through. the three Points A, B, andC, (by Euc. 5 5.) and it will be the circle 


required: 85 aps another from Euc. 


III. 16. 

| Able 2d. Suppoſe AB not it to EF, but being produced meets it in 
E: then from EF take the line EC ſuch, that its ſquare may be equal to the 
rectangle BEA, and through the points A, B, C, deſcribe a circle, and it will be 
the circle required by Euc. III. 27. 

Tears is Vieta's Solution. But Mr, Thomas i having onſtrated this, 
and ſome of the following, both in the Collection ot Problems at the end of his 
Algebra, and alſo among thoſe at the end of his Elements of Geometry, I ſhall 
add one of his Conſtructions. 

Lr A and B be the points given, and CD FLO given line: drawing AB and 
biſecting it in E, through E let EF be drawn perpendicular to AB and meeting 
CD in F: and from any point H in EF draw HG perpendicular to CD, and 
having drawn BF, to the ſame apply HI = HG, and parallel thereto draw BK 
meeting EF in K: then with center K and radius BK let a circle be deſcribed, 
and the thing is done: join KA, and draw KL perpendicular to CD, then be- 

cauſe of the parallel lines, HG: HI:: KL: KB; whence as HG and HI are 
equal, KL and KB are likewiſe equal. But it is evident from the Conſtruction 
that KA = KB, therefore KB=KL=KA. 

Becavse two equal lines HI and Hi may be applied from H to BF each 
equal to HG, the Problem will therefore admit of two Solutions, as the Fi igure 
| thews: except in the caſe when one of the given points, A for inſtance, is given 


(by a Corollary from Euc. III. 


in the line CD, for then the Problem becomes more ſimple, and admits but of 


one conſtruction, as the center of the circle required muſt be in the line EF con- 
tinued, as alſo in the perpendicular raiſed from A to CD, and therefore in their 
common interſection: and this is the limit of poſſibility; for ſhould the line CD 
Paſs h the given points, the Problem is impoſſible. 


N. B. Tno' Vieta does not take notice that this Problem is capable of two 
anſwers, yet this is as evident from his conſtruction, as from Mr. Simpſon's, for 
EC (the mean proportional between EB and EA) may be ſet off upon the given 
line EF either "way from the given point E. 
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323 LRN TL 
A poINT A being given between the two right lines BC and DE, it 1s requir- 
ed through the point A to draw a line cutting the two given ones at. equal 


angles. 
Ir the given lines be e then a perpendicular to them through the point 


A is the line required, But if not, then let them be produced to meet in the 
point F: and let FG be drawn biſecting the Angle BFD, and through A draw 
a perpendicular to FG, and it will be the line required by Euc. I. 26. | 


P ROB TL. EM AH 
Havixd a point A given, and alſo two right lines BC and DE, to draw a circle 
which ſhall paſs through the given point, and touch both the given right lines. 
By the preceding Lemma draw a line IAH through the point A, which ſhall 
make equal angles with the two given lines BC and DE: biſet IH in K; and 
taking KL KA, by means of the preceeding Problem draw a circle which ſhall 
paſs through the points A and IL, and likewiſe touch one of the given lines, BS 
for inſtance, in the point M. I ſay this circle will alſo touch the other given 
line DE : for from the center N letting fall the perpendicular NO, and joining 
NI, NH, NM, in the triangles NKH, NKI, NK being common, and HK =. 
KI, and the Angles at K right ones, by Euc. I. 4. NH = NI likewiſe the 


angle NHK=angle NIK, from hence it follows, that the angle NHM angle 


NIO; and the angles at M and O, being both right, and NH. being proved 
equal to NI, NM will be equal to NO by Euc. 1. 26. 


Mr. Simpſon conſtructs the Problem thus, : 
LzT BD and BC be the given lines meeting in B,. and A the given point, 
join AB, and draw BN biſecting the given angle PBC: and from any point E 
in BN upon BC let fall the perpendicular EF, and to BA apply-EG=EF, pa- 
rallel to which draw AH meeting BN in H: then from center H with Interval 
AH let a circle be deſcribed, and the thing 1s done, Upon BC and BD let fall 
the perpendiculars HI, HK, which are manifeſtly W becauſe by Conſtruction 
the angle HBI HBK; moreover as EF: EG:: HI: HA: but EF and EG- 
are equal, therefore alſo HI and HA. | 
2 
| PROBLEM IX. 
Havins a circle whoſe center is A given in magnitude and poſition, and alſo - 
r 3 lines BD and 20 given in poſition, to draw a circle which ſhall touch 
tnree, 


From: 


(68.0 


From A draw two perpendiculars to the right lines DB, ZC; viz. ADF and 
AZX ; and in theſe perpendicufars take DF, ZX, on either ide of D and Z, 
equal to the Radius of the given circle : and through F and X draw lines pa- 
rallel to DB, ZC; viz. FG, XII; and then by the preceding Problem draw 
a circle which ſhall paſs through the given center A and touch the two lines 
FG, XII; and E the center of this circle will alſo be the center of the circle 
required, as appears by ſubtracting equals from equals i in Fi igure 1: and by adding 
equals to equals i in Figure 2. | | 


LEMMA It, 


\ Te the two circles CEB and CED cut one another C, then I fay a line drawn $ 
| from the point of ſection CBD cutting both circles, will cut off n ew gs ſeg⸗ Tn 5 
ments from thoſe circles. | K 1 
1ſt, Sor ros CB to be the Diameter of one of them: then draw to the a 


other point of ſeclion E the line CE, and joining EB, ED, the anzle CEB will 3 
be-a right one, and the angle CED either greater or leſs than a right one, and 9 
conſehuently CD cannot be a Diameter of the other, | 8 

2 dly. SurrosE CBD not to pals through the center of either: then through 
C draw a Diameter CAG, and continue it to meet the other circle in P, and 50 
join BG, DF: then the angle CBG is a right onc, and the angle CDF is eicher i 1 


greater or lets than a right one :. and "ML the lines B and DF are not 4 
parallel: let H be the center of the other circle, and let a Diameter CHI be 1 
drawn: draw DI and continue it meet to meet CG in K: then DIK will be pa- 4 


rallel to BG : hence CB: CD:: CG: CK. But CI and CK are unequal, 
(being both 2 from the ſame point in a right angle) and therefore it cannot 
ii be es CB: CD;: CG: CI: and hence it appears that the Segments CB and 
i CD are diflimilar, N | 
E EM M A III. | 
—_ Ir CUE the legs of any triangle EDF (ſee Fi igure to 88 10. ) a ths 
f l be drawn parallel to the baſe DF, ſo that there be conſtituted two ſimilar. 3 
4 | triangles about the ſame vertex ; and a circle be circumſcribed about each of | 5 
þ theſe triangles 3 - theſe circles will touch one another in the common vertex E. 
= IT is plain that they will either touch or cut each, other in the point E: if 
lt they cut each other, then by the preceding Lemma the Segments BE and DE 
q would be diflimilar ; but they, are ſimilar, and they muſt therefore touch each 
other. 28 | 2 t 


* 


EE | PROBLEM KX. 
Havinc a point A, and allo a right line BC, given in poſition ; together 
with a circle whoſe center is G given bath in * and poſition; to deſcribe 
| a circle 


XZ rr 8 8 8 
[CY 8 
x 82 
1 


Ly}. 


a a circle which ſhall pals through the given point, and likewiſe touch both the 


given line and the given circle, 
Tux given right line may either touch or be entirely without the given circle, 


and then the given point muſt be ſo too; or it may cut the given circle, and then 


the given point muſt be within the fame, or at leaſt in the circumference. 


Cas E 1ſt. Suppoſe the given line BC to touch or fall entirely without the 
given circle: through G the center of the given circle draw DG FC perpendi- 


cular to BC, and joining DA, take DH a 4th proportional to DA, DC, DF, 


fo that DA x DH = DC «x DF: then through the points A and H draw a 
circle touching the line CB by Problem VII, and I fay it will alſo touch the 
given circle. p 

Draw DB cutting the given circle in E, and join F E. Now becauſe in the 
quadrilateral figure BCFE, the oppoſite angles at C and E are each of them 
right ones, the figure will be in a circle, and therefore DC x DF = DB x DE. 


But DC «x DF = DA x DH by Conſtruction. Hence DB x DE =DA x DH, 


and therefore the points B, E, H, A, will be alſo in a circle: but the point E. 
is alſo in the given circle; therefore theſe circles either touch or cut one another 
in that point. Let now BI be drawn from the point of contact B perpendicular 
to the touching line BC to meet the circumference again in I, and it will be a 


Diameter: and let EI be joined: then becauſe the angles FED and BEI are ver- 


tical and each of them right ones, FEI will be a continued ſtraight line: and it 

appears that the two circles will touch each other b y the preceding Lemmas. 
Cask 2d. Suppole the given line BC to cut the given circle: the Con- 

ſtruction and Demonſtration are exactly the ſame as before, except that the an- 

gles FED and BEI are not vertical but coincident, and ſo EL is coincident 

with EF. 

MR. Siupsox has likewiſe ſolved this problem in a different manner, but I 


think his Conſtruction is neither ſo elegant nor eaſy as this of Vieta's; and it is 


therefore omitted. 


PROBLEM XI. 
Havi two circles given in magnitude and poſition, whoſe centers are A 


and B, as likewiſe a right line CZ; to draw a circle which ſhall touch all three. 


From the center of the leſſer circle B let BZ be drawn perpendicular to CZ, 
and in BZ (or in BZ continued as the caſe requires) let be taken ZX = AL 
the Radius of the other circle; and through X let XH be drawn parallel to 
CZ, and with center B and Radius BG, equal to the difference (or ſum as the 
Caſe requires) of the Radii of the two given circles, let a circle be deſcribed ; 
and laſtly let another circle be deſcribed ; touching this laſt and alſo the line XH 


and paſſing Og the point A by Problem X, and 1 lay that E the _ 
this 


5 %% 
this Ox will alſo be the center of the circle required; as will appear by taking 
| equals from equals, or adding equals to equals, as the 3 Caſe * Data 


ſhall require. 
- Tux Caſes are four, FO 0 Vieta makes but hats 


Cask iſt. If it be required chat the circle ſhould touch both the others externally 
then BG muſt be taken equal to the difference of the Semidiameters of the two 
| given circles, and ZX muſt be taken in BZ produced, 

j | Cas 2d. If it be required that the circle ſhall touch and include both the given 
ones; then BG muſt be taken equal to the AO, as in Caſe 1ſt, but ZX muſt 

| en in BZ it/elf. 

} Casz 3d. If it be required that the 3 ſhould touch and include 0 greater 
of the given circles, and touch externally the other whoſe center is B; then BG 
mult be taken equal to the ſum of the Radii of the given circles, and ZX mult _ 


i! - | be taken in BZ 7t/e/f. 
ö Cas 4th. If it be required that the circle ſhould touch the greater of the gi- 


ven circles externally, and touch and include the leſſer; then BG muſt be taken 
equal to the ſum of the Radii, and ZX muſt be taken in BZ produced. | 
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| PROBLEM XII. 
| Havine two points given B and D, and likewiſe a circle whoſe center is A; 
bil to deſcribe another circle which ſhall paſs through the given PO and — the 
We - given circle. 
if LtT DB-be joined, as alſo AB, and let AB be produced to cut the given 
1 circle in the points J and K, then let BH be taken a 4tli proportional to DB, 
1 BK, BI; ſo that BD x BH =BI x BK: from H let a Tangent HF be drawn 
mw. to the given circle; and BF be joined and cut the circle again in G: and ler DG 
ti be drawn cutting che given circle again in E, and laſtly through the points D, 
li B, G, let a circle be drawn, I fay it will touch the given circle in G. 
Fox joining EF; becauſe the Rectangle DBH = the Rectangle KBI, i. e. 
A the Rectangle GBF, therefore the four points D, , F, G, are in a circle; and 
Wo. hence the angle HFB = the angle GDB: (for in the two firſt figures one is the 
ee.rxternal angle of a quadrilateral figure, and the other is the internal and oppo- 1 
| ſite, and in the two-laſt figures theſe angles are in the ſame ſegment.) But the 
angle HFB = the angle GEF by Euc. III. 32. hence GEF = GDB: there- 
[ | fore the triangles GEF and GDB are ſimilar and under the ſame vertex,. and 
j | : therefore by Lemma 3. the circles deſcribed about them will touch each other 1 in 
the common vertex G. | 
| THERE are other Conſtructions of this Problem in Hugo de Omerique, 
WW 2 and a periodical work ſtiled the Mathematician. 
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- 4 LEMM A IV. 

Havixc two circles ABCI and EFGH given, it is required to find a point 
M, in the line joining their centers, or in that line continued, ſuch, that any 
line drawn through the ſaid point M, cutting both die circles, ſhall always cut 
off ſimilar ſegments. 

Lr the line KL] joining the centers be ſo cut or produced, that KM may be 
to LM in the given ratio of the Radii AK to EL [in the caſe of producing 
KL we muſt make it as AK — EL: EL :: KL : LM, for then by compoſition it 
will be AK: EL:: KM: LM] and then I ſay that the point M will be the 
point required. Fer from it drawing any line MGFCB cutting the circle 
ABCIin B and C, and the circle EFGH in F and G; and let B and F be the 
correſpondent points moſt diſtant from M, and C and G the correſpondent 
points that are nearer; and let be joined BK, CK, FL, GL, and thereby two 
triangles will be formed BRC, FLG. Now becauſe by Conſtruction KM: LM 
: KB: LF, KB and LF will be parallel by Euc. VI. 7. and for the ſame rea- 
ſon KC and LG will be parallel; and therefore the triangles BKC and FLG 

will be led, and hence the ſegment BC will be ſimilar to the ſegment FG. 
| LEMM A V, ; 

Tx point M being found as in the preceding Lemma, I ſay that it is a pro- 
perty of the ſaid point, that MG x MB = MH x MA : as alſo that MF x 
MC = ME x MI. 

For joining CI and GH, it is W IR that theſe lines will alſo be parallel. 
Hence MI : MC: : MH: MG, but M: MC:: MB: MA, therefore 
da!! MG : : MB: MA, and MG x MB =MH x MA. Again MH: MG 

: MF : ME, but MH: MG: : MI: MC, therefore MF: ME:: Ml: MC- 
and VF x MC = ME x MI. | 


| P..R-Q B:L-E:M.:- XUE 

Havins two circles given in magnitude and poſition, whoſe centers are K 
and L, and alſo a point D; to draw a circle which ſhall touch the two given 
ones, and alfo paſs through the point DP). 

Join the given centers by drawing KL, and in KL or KL produced find the 
point M (by Lemma 4.) ſuch, that all the lines drawn from it cutting the given 
circles ſhall cut of ſimilar ſegments ; and let KL cut the es one 
of them in the points A and , and the other in the points E and H ; and join- 
ing MD, make it as MD: MA :: MH: MN. Then through the points D and 
N draw a circle which ſhall alſo touch the given circle whoſe center is K, by 
Prob, XII. and I ſay that this circle will alſo touch the other given circle whoſe 
center is L. For let B be the point of contact and BM be drawn cutting the 
circle K in C, 80d the circle Lin Fand G; then by Lemma 5. MB x MG = 

C-2 MA 


bein 


MA x MH : but MA x MH==MD x MN by Conſtruction; therefore MB x 

MG MD = MN, and the points B, G, N, D, ard 0 4 cirhde; But the point 

G is alſo in the circle L; therefore theſe circles either touch or cut each other in 
"the point G. Now the circles BND and BCI touch one another in B by con- 

ſtruction; therefore the ſegment BC is ſimilar to the ſegment BG ; and alſo by 

conſtruction the ſegment BC is fimilar to the ſegment FG ; and therefore the 

ſegment FG is fimilar to the ſegment 8G; and hence the circles FGE and BGD 

ouch one another in the point G. | 


Tur Caſes are three. 
Casz 1ſt. If the circle be required to pouch and include both the given ones; 


then M muſt be taken in KL produced; and MN muſt be taken a fourth pro- 
portional to MD; MA, MH, A being the moſt diſtant point of interſection in 
the circle K, and H the neareſt point of interſection in the circle L. | 
Cask 2d, If the circle be required to touch both the given ones externally ; 
then alſo M muſt be taken in KL produced; and MN taken a fourth proportional 
to MD, MA, MH, A being the neareſt point of . in the circle K, 
and H the moſt diſtant in the circle L. 
Cask 3d. If the circle be requited to touch and include the 8 K, and to 
touch L externally ; then M muſt be taken in KL itſelf 3 and MN a beck pro- 
: portional to MD, MA, MH, A being the moſt OY point in K, and H the 


neareſt in L. 


| PROBLEM XIV. 
Havi three circles given whoſe centers are A, B, andD ; to draw « fourth 
which ſhall touch all three. 
Lr that whoſe center is A be called PI ift, that whoſe center is B the 2d, . 
and that whoſe center is D the zd. Then with center B, and radius equal to 
the difference, or ſum, as the caſe requires, of the ſemidiameters of the iſt and 
2d circles, let an auxiliary circle be deſcribed; and likewiſe with D center, and. 
radius equal to the difference, or ſum, as the caſe requires, of the ſemidiameters 
of the iſt and 3d circles, let another auxiliary circle be defcribed ; and laſtly or .* 
the preceding Problem draw a circle which ſhall touch: the two auxiliary ones, 
and likewiſe paſs. through the point A which is the center of the firſt circle. 
Let the center of this laſt deſcribed circle be E, and the ſame point E will like- 
viſe be the center of the circle required; as will appear by adding equals to 
equals, or taking equals from equals, as the caſe e e 
TE Caſes are theſe. 
Cask iſt. If it be required that the circle ſhould touch and include all the other 
three; then let A be the center of the greateſt given circle, B of the next, and D 
of the leaſt : and let BG the * of the ſemidiameters of the iſt and 2d, 


and 
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and DF =the Difference of the ſemidiameters of the ft and 3d, and through A 


deſcribe a circle which ſhall touch the two auxiliary ones externally. 

Casz 2d. If it be required that the circle ſhould touch all the other three 
externally; then the circles being the ſame as before in reſpe& to their magnitude, 
let BG and DF be alſo the ſame as in the iſt Caſe, but through A deſcribe a circle 
which ſhall zouch and includ? the two auxiliary ones, 

Cas 3d. If it be required that the circle ſhould touch and include one of the 
given circles A, and touch the other two externally ; then let BG and DF =the 


the /um of the ſemidiameters of the 1ſt and 2d, and ſum of the ſemidiameters of 


of the 1ſt and 3d reſpectively ; and through A deſcribe a circle which ſhall touch 


the two auxiliary ones externally, 
Cask 4th, If it be required that the circle ſhould touch externally one of the 


given circles A, and ſhould touch and include the other two; then let BG and 


DF- the ſums as in Caſe 3d, but through A deſcribe a circle which ſhall zouch. 


end include the two auxiliary ones. 


yl 
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PROBLEM 1 


AVIN G two points given A and B, to determine the 1 of the cen- 

ters of all ſuch circles as may be drawn through A and B. 
Join AB and biſect it in the point C, and through C, draw a perpendicular 
to it CE, and continue it both ways in infmitum, and it is evident that this * 


CE will be the Locus required. 


PRO B L E M II. 

Havixe two right lines given AB and CD, to determine the Locus of the 
centers of all ſuch circles as may be drawn touching both the ſaid lines. 

Casz iſt. Suppoſe AB and CD to be parallel; then drawing GI perpendicu- 
lar to them both; biſect it in H, and through H draw EHF Parallel to the two 

iven lines, and it will be the Locus required. | 

Cas E 2d. Suppoſe the given lines being produced meet _ other in E, 

then biſecting the angle BED by 9225 line EHF, this line EHF will be the en 
required. : 
PROBLEM III. 

Havixe two circles given whoſe centers are A and B; to determine the Locus 
of the centers of all ſuch circles as ſhall touch the two given ones. 

Casrs 1ft and 2d. Suppoſe it be required that the circles be touched outwardly 
by both the given ones; or that they be touched 7zwardly by both the given 
ONES. 

Trew joining the centers A and B, let AB cut the circumferences in C and 
D and produced in P and O: let CD which is intercepted between the convex 


circumferences be biſected in E: ſet off from E towards B the center of the 
| greater 


( 15 ) 
greater of the given circles the line EH the difference of the Radii of the given 
circles, and with A and B as Foci and EH Tranverſe Axis, let two oppoſite 
Hyperbolas be deſcribed KEK and LHL : then I ſay that KEK will be the 
locus of the centers of all the circles which can be drawn ſo as to be touched 
outwardly by both the given circles; and LHL will be the locus of the centers 
of all the circles which can be drawn ſo as to be touched inwardly by both the 
given circles. For taking any point K in the Hyperbola K EK, and drawing KA 
and KB, let theſe lines cut the given circumſerences in Fand G reſpectively: 
" and make KQ=KA : then from the nature of the curve QB= EH, but byon- 
ſtruction EH=BG—AF, therefore QB=BG—AF and hence QG= AF, and 
then taking equals from equals KG KF, which is a demonſtration of the iſt 
Caſe, | | | | 
Tux with regard to the 2d Caſe, taking any point L in the Hyperbola 
LHL, and drawing LB and LA and producing them to meet the concave cir- 
cumferences in M and N, let alſo LR be taken equal to LB; then from the pro- 
perty of the curve AR=EH, but EH (by conſtruction) =BM—NA ; there- 
fore AR = BM—NA, and NR= BM, and then adding equals to equals LN 
LM, which is a demonſtration of the 2d Caſe; 
CasE 3d. Suppoſe it be required that the circles to be deſcribed be touched 
outwardly by one of the given circles, and 7ward!ly by the other. | ; 
Then drawing AB; let it cut the convex circumferences in C and D, and the 
concave ones in P and O, biſect PD in E, and from E towards B ſet off EH — 
the ſum of the given radii» Then with A and B foci and EH tranſverſe axis, 
let two oppoſite hyperbolas be deſcribed KEK and LHL : and KEK will be the 
locus of the centers of the circles which are touched inwardly. by the circle A 
and outwardly by the circle B; and LHL will be the locus of the centers of 
thoſe circles. which are touched inwardly by B and outwardly by A, The demon- 
ſtration mutatis mutandis is the ſame as before. 
Cas 4th; Suppoſe the given circle A to include B, and it be required that 
the circles to be deſcribed be touched catwardly by them both. . | 
Let AB cut the circumferences in C and D, P and O: and biſecting CD in 
I and ſetting off from I towards P, IL = the ſum of the ſemidiameters of the 
given circles, and with A and B foci, and IL tranſverſe axis, deſcribing an 
ellipſe EKI, it will be the locus of the centers of the circles required. For 
taking any point K in the ellipſe, and drawing AK and BK, let AK be con- 
tinued to meet one of the given circumferences in G, and let BK meet the other 
E. Then from the property of the curve AKR+BK=IL=AG+BF (by con- 
| | | ſtruction : : 
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| frudion: ) hence by ſubſtraction BE=KG+BF, and by: fubtraQtion again 


FK=KG. 

CasE 5th. Suppoſe the given circle A to include B, and it be required that 
the circles to be deſcribed be touched outwardly by A and inwardly by B. 

Trzw let AB cut the circumferences in C and D, P and O: and biſecting 
CO in I, and ſetting off from I towards P, IL= the difference of the ſemidia- 
meters of the given circles, and with A and B foci and IL tranſverſe axis de- 
{cribingran ellipſe LEI, it will be the locus of the centers of the circles deſcribed, 
and the demonſtration, mutatis mutandis, is the ſame as in the laſt caſe. 

Cases 6th and 7th. Suppoſe the two given circles cut each other, and it be 
required that the circles to be deſcribed either be touched and included in them 
both, or be touched by them both and at the ſame time include them both. 

Trnzsz two caſes are ſimilar to caſes 1ſt and 2d, and as there, ſo alſo here, 
the tranſverſe axis of the two oppoſite hyperbolas, which are the loci required, 


muſt be taken .=the difference of the ſemidiameters of the given circles, The 
demonſtration! is ſo alike, it need not be repeated. | 


PROBLEM IV. 
Havivs a given point A, and a given right line BC, to determine the locus 


-of the centers of thoſe circles which ſhall paſs through A and touch BC. | 
From A draw AG perpendicular to BC, then with focus A and directrix BC 


let a parabola be deſcribed, and it will be the locus required; for by the propert, 
of the « curve HE A always equals FG drawn perpendicular to the direQrix. 


; PRO B LEM: NV. 
Havi xc a given point A, and a given circle whoſe center is B, to determine 


the locus of the centers of all thoſe circles, which paſs through A, and at the 


ſame time are touched by the given circle. 
Cass iſt and 2d. Suppoſe the point A to lie out of the given cla, and 
it be required that the circles to be deſcribed be either touched ou7wward)y by the 


given circle, or inwardly by it. 


LT AB be drawn, and let it cut the given circumference where it is convex 
towards A in the point C, and where it is-concave in the point O: then biſecting 
AC in E, and ſetting of from E towards B, EH=BC the given radius, and 
with A and B foci and EH tranſverſe Axis deſcribing two oppoſite Hyperbolas 
KEK and LAL, it is evident that KEK will be the locus of the centers of thoſe 


circles which paſs thrugh A and are touched outwardly by the given circle, and 
- LHL will be the locus of the centers of thoſe circles which a through A and 


re aches inwardly w the given circle, 
Cary 
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Cask 3d. Suppoſe the given point A to lie in the given circle, whoſe center 
is B. 

Taz joining AB and continuing it to meet the given circumference in C and 
O, biſect AC in E, and from E towards O ſetting off EH = BC the given 
Radius, and with A and B Foci and EH tranſverſe Axis deſcribing an Ellipſe 
EKH, it will evidently be the Locus required, 


PROBLEM VE: 

Havins a right line BC given, and allo a circle whoſe center is A, to deter- 
mine the Locus of the centers of the circles which ſhall be touched both by the 
given right line and alſo by the given circle. 

THERE are three Caſes, but they are all comprehended under one general 
ſolution, 

Casz 1ſt, Let the given right line be without the given circle, and let it be 
required that the circles to be deſcribed be touched outwardly by the given circle. 

Cas 2d. Let the given right line be without the given circle, and let it be 
required that the circles to be deſcribed, be touched inwardly by the given 
Circle. 

Casz 3d, Let the given 4 line be within the given circle, and then the 


Circles to be deſcribed muſt be touched ontwardly by the given circle, 


G 45 80 „ Ss 6 | 
From the given center A let fall a perpendicular AG to the given line BC, 
which meets the given circumference in D ſor in Caſes 2d and 3d is produced 
to meet it in D] and biſecting DG in F, and ſetting off FM = FA (which is the 
fame thing as making GM = AD the given Radius) and through M drawing 
MLK parallel to the given line BC, with A Focus and LK Directrix deſcribe a 
Parabola, and it will be the Locus of the centers of the circles required ; for 
from the property of the Curve FA = FM, and adding equals to equals, or 
ſubtracting equals from equals, as the Caſe requires, FD = FG, 
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